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ABSTRACT
A non-abelian “self-dual” massive gauge theory describing a massive spin
one physical mode is presented. The action is expressed in terms of two
independent connections on a principle bundle over 2+1 space-time. The
kinetic terms are respectively a Chern-Simons and a BF lagrangians, while
the gauge invariant interaction is expressed in terms of the difference of
the two connections. At the linearized level the theory is equivalent to
the Topological Massive gauge theory. The covariant, BRST invariant,
effective action of the non-abelian sefl dual gauge theory is constructed.
Topological gauge invariant theories describe field theories without local propa-
gating physical modes. Thus, physical observables are only topological geometrical
objects. However, they have a very rich global structure allowing, in particular, to
obtain the Donaldson invariants of four manifolds [1] and more recently the Seiberg-
Witten invariants [2]. These topological gauge invariant terms, when interacting
with physical action lagrangians, or even between themselves through non- topo-
logical interaction terms, provide very special properties to the new theories. This
effect is particulary interesting in three dimensional space-time where the Chern-
Simons (CS) topological terms provide masses to the gauge fields of vector and
tensor gauge theories [3]. In the same context, point particles, in 2 + 1 dimensions,
minimally coupled to a gauge field, whose dynamics is given by the CS term, can
acquire fractional spin and statistics [4]. This picture can be generalized to 3 + 1
dimensions, where the topological term is now a BF gauge invariant one, giving
rise to the so called “string” fractional statistics [5].
We are going to propose here a non-abelian massive gauge theory in 2 + 1
dimensions whose field equations are described by a Lorentz covariant first order
dynamical system in distinction to the second order field equation of the Topological
Massive (TM) gauge theory [3]. It is the non-abelian generalization of the so
called “self-dual” (SD) abelian theory [6,7]. The TM non-abelian gauge theory
was formulated in [3] , the interest of the non-abelian generalization of the SD
theory was raised in [7] . The action of the theory we propose can be interpreted as
the interaction of a CS and a BF topological action terms . However it describes
a locally propagating spin 1 physical mode as the TM gauge theory.
It is known that the abelian spin 1 theory in 2+1 dimensions may be described
by two covariant actions: the second order TM gauge action [3] and the SD action
[6,7]. The first order field equations of the SD theory are a minimal realization
of the Pauli-Liubansky and mass shell conditions for the spin 1 representations of
the Poincare group in 2 + 1 dimensions [8], and both theories, the SD and TM ,
describe the same propagating physical degrees of freedom and have identical local
properties. Over simply connected regions of space-time the SD theory correspond
to a gauge fixed version of the TM gauge theory [7,9]. However, once we consider a
topological non-trivial base manifold, where the CS term may globally contribute
to the observables of the theory, the relation between both theories is not of a
trivial equivalence. The global difference between both theories was shown in [10]
by comparing their partitions functions. They differ by a topological factor equal
to the partition function of the pure CS action, which may be expressed in terms
of the topological Ray-Singer torsion.
It was also shown in [10] that the SD abelian action can be slightly modified
in order to have a theory locally and globally equivalent to the TM abelian action.
This was achieved by considering the action
Ŝ =
∫
d3x
[µ2
2
(aµ − ωµ)(a
µ
− ωµ)−
µ
2
aµε
µνλ∂νaλ
]
, (1)
where ωµ is an independent closed one form. We may remove this restriction on ωµ
in two ways one: by introducing a BF term into the action
SI =
∫
d3x
[µ2
2
(aµ − ωµ)(a
µ
− ωµ)−
µ
2
aµε
µνλ∂νaλ −
µ
2
λµε
µνλ∂νωλ
]
, (2)
where λµ is a lagrange multiplier. This action thus describes the interaction of two
topological gauge invariant terms, a CS and a BF one, through a gauge invariant
non-topological quadratic term. The other way to remove the restriction on ωµ
seems more economical, it results by considering the action
SII =
∫
d3x
[µ2
2
(aµ − ωµ)(a
µ
− ωµ)−
µ
2
(aµ − 2ωµ)ε
µνλ∂νaλ
]
, (3)
which emerges from the master action introduced in [7]. Both actions, SI and SII ,
are locally equivalent to the TM model and the restriction on ωµ emerges as an
equation of motion.
If we make the substitution aµ−ωµ = bµ in SII it decouples in two terms: the
SD action plus the CS one. So its partition function is: ZSII = ZSDZCS = ZTM
[10]. We may also “complete squares” in it and the TM action emerges. Repeating
this last procedure on SI , the TM action also emerges, plus an additional decoupled
CS term, so ZSI = ZTMZCS . These results may also be proven by performing the
canonical analysis, we omit the details here.
In order to search for an non-abelian model we can take these two abelian
actions as different departure points. For SII the resulting non-abelian first order
action is more likely a master action as in [7] with a second order evolving system.
This is not the case for SI . We propose, then, the following non-abelian first order
gauge action for the spin 1 theory
SNA =
∫
d3x
µ
g2
tr
[
−µ(aµ−ωµ)(a
µ
−ωµ)−εµνλ
(
∂µaνaλ+
2
3
aµaνaλ
)
−
λµ
2
εµνλGνλ
]
,
(4)
where Gµν = ∂µων − ∂νωµ + [ωµ, ων ] is the Lie algebra valued 2-form associated
to the connection 1-form ω. a and ω are independent connections on the same
principle bundle. We use the notation ξ = gξaµdx
µTa for Lie algebra valued 1-forms
in local coordinates. Ta are antihermitian generators, tr
(
T aT b
)
= −1
2
δab; and fabc
will denote the structure constants of the Lie algebra. The coupling constant is
denoted by g: so µ
g2
is dimensionless. Dµ = ∂µ + [aµ, ] and D˜ = ∂µ + [ωµ, ] are
the covariant derivatives with respect to a and ω in local coordinates. The metric
signature is (+−−).
The action (4) is invariant up to a closed form, under the finite gauge trans-
formations
a→ t−1at+ t−1dt
ω → t−1ωt+ t−1dt (5)
λ→ t−1λt
and under the infinitesimal gauge transformations
a→ a
ω → ω (6)
λ→ λ− D˜χ
where t is an element of the group acting on the fiber. In order to have exact
invariance of the exponential of the action in the functional integral, the same
quantization condition as in the TM arises. That is 4pi µ
g2
=integer.
The field equations obtained from (4) are
−µ(aλ − ωλ) + εµνλFµν = 0, (7, a)
µ(aλ − ωλ) +
1
2
εµνλD˜µλν = 0, (7, b)
Gνλ = 0. (7, c)
The integrability conditions for (7,a) and (7,b) are
Dλ(a
λ
− ωλ) = 0, (8, a)
D˜λ(a
λ
− ωλ) +
1
4
εµνλ[Gµν , λλ] = D˜λ(a
λ
− ωλ) = 0. (8, b)
which represent the same condition in spite of the fact that D and D˜ appears in
(8,a) and (8,b) respectively. There is, thus, only one restriction in (8).
From (7,c), ω is a flat connection constrained by (8). If Ω0 is a flat connection,
then Ω̂0 = s
−1Ω0s + s
−1ds is also flat. Given Ω0 and a there is always a Ω̂0,
also flat, satisfying (8). This means that the space of solutions of (7,c) and (8),
the flat connections satisfying the Lorentz type condition (8,b), is non-empty. The
integrability conditions are then completely satisfied without restricting the space
of solutions of (7,a) and (7,b). Equation (7,a) determines a, and it implies the
following equation for the associated curvature
Dµfν −Dνfµ − µFµν =
1
µ
[fµ, fν], (9)
where fµ = εµνλFνλ.
Equation (7,a) is the non-abelian generalization of the SD equation ([10]). It
is equivalent, in the abelian case, with the inclusion of the closed 1-form ω, to the
TM equations. In the non-abelian case (7,a) implies (9) which differs from the TM
equations by the term [fµ, fν ].
It can be shown that (7,b) does not describe any propagating physical mode.
In fact, for a given ω and a, (7,b) is a linear equation in λ . Their solutions are
obtained from a particular one by adding to it all the solutions of the homogeneous
equation. The latter may be written as
d˜λ = 0, (10)
where d˜ is a exterior derivative since d˜d˜ =
[
D˜µD˜ν − D˜µD˜ν
]
dxµ ∧ dxν = Gµνdx
µ ∧
dxν = 0. The most general solution to (10) is locally
λ = d˜p, (11)
which can be absorbed by the gauge transformation (6). Consequently λ does not
describe locally any independent propagating physical mode.
Applying another covariant derivative on (9), and using the Bianchi identities
we obtain
(DµDµ + µ
2)fν =
1
2
εναβ[f
α, fβ] +
1
µ
D
α[fα, fν], (12)
showing the massive character of the excitations.
The action (3) describes thus a spin 1 massive physical mode with a dynamics
given by a covariant first order evolving system.
We are now going to construct the covariant BRST invariant effective action
of the theory.
From (3) we see that a0, ω0 and λ0 are non-dynamical variables . Making
variations with respect to a0 we will be able to eliminate it, arriving, after the 2+1
canonical decomposition, to
SNA =
∫
d3x
µ
g2
tr
[
εij a˙iaj + εij ω˙iλj+
+
λ0
2
εijGij + ω0εij(Fij + D˜iλj)+
+ µ(ai − ωi)(ai − ωi) +
1
4µ
εijFijεklFkl
]
, (13)
where the role played by each variable is clear: ωi, ai are the dynamical variables;
λ0 and ω0 are Lagrange multipliers associated to the constraints
ϕ =
µ
4
εijGij , (14, a)
ψ =
µ
2
εij(Fij − D˜iλj). (14, b)
Also from (13) we read the conjugated momenta to the dynamical variables
Πi ≡ gT
a ∂L
∂a˙ai
= −
µ
2
εijaj, (15, a)
Pi ≡ gT
a ∂L
∂ω˙ai
= −
µ
2
εijλj . (15, b)
We will take (15,b) as a definition of λi and keep the primary constraint
ψi ≡ Πi +
µ
2
εijaj , (16)
in order to keep explicit rotational invariance. Taking (14)-(16) into account we
arrive to the total hamiltonian density [11,12]
HT = H0 + λ
a
0
ϕa + ωa
0
ψa + ρai ψ
a
i , (17)
where
H0 =
µ2
2
(aai − ω
a
i )(a
a
i − ω
a
i ) +
1
8
εijF
a
ijεklF
a
kl. (18)
Following the conservation conditions, we find that there are no more constraints,
and that the first class constraints are: ϕa (as in (14,a)) and
θa ≡ ϕa −Diψ
a
i ,
=
µ
2
εijFij −
µ
2
εijDiaj −DiΠ
a
i − D˜iPi. (19)
ψai are second class constraints, so we must proceed using Dirac brackets:
{
F,G
}
∗
≡
[{
F,G
}
−
∫
d2xd2y
{
F, ψai (x)
}
Mabij (x, y)
{
ψbj(y), G
}]
ψa
i
=0
where
Mabij (x, y) ≡
{
ψai (x), ψ
b
j(y)
}−1
= −
1
µ
εijδ
abδ2(x− y). (20)
The Dirac algebra between the constraints and H0 is closed and has the only
non-null equal time brackets{
ϕa(x), θb(y)
}
∗
= −gfabcϕc(x)δ2(x− y), (21, a){
θa(x), θb(y)
}
∗
= −gfabcθc(x)δ2(x− y). (21, b)
Now the BRST method proceeds: the constraint algebra shows that this theory
is of rank one and the method we will apply is equivalent to the BFV one [13,14]. We
introduce the ghosts Ca and Da associated respectively to the first class constraints
ϕa and θa, and a pair of antighost C
a
and D
a
. Their parity is opposed to that of
the constraints. The BRST transformation is defined as δBRSTF ≡ ξδˆF , with
δˆF ≡ Ca
{
F, ϕa
}
∗
+Da
{
F, θa
}
∗
. (22)
Requiring that δˆ2F = 0 we find that
δˆCa = −gfabcCbDc, (23, a)
δˆDa = −
g
2
fabcDbDc, (23, b)
The effective action is then given by [14]
Seff =
∫
d3x
[
Πai a˙
a
i + P
a
i ω˙
a
i −H0−λ
a
0
ϕa − ωa
0
θa−
− δˆ(C
a
χa +D
a
χa)
]
, (24)
where χa, χa are admissible gauge fixing conditions associated to the first class
constrainst. We define
δˆC
a
= −Ba , δˆBa = 0, (25, a)
δˆD
a
= −Ea , δˆEa = 0, (25, b)
and in order to have δˆSeff = 0 the Lagrange multipliers transforms as
δˆλa
0
= D˜0C
a + gfabcλa
0
Dc, (26, a)
δˆωa
0
= D0D
a. (26, b)
Using (22), (15,b) and (26) we see that
δˆaaµ = DµD
a, (27, b)
δˆωaµ = D˜µD
a, (27, b)
δˆλaµ = D˜µC
a + gfabcλbµD
c. (27, c)
We choose, now, the covariant gauge
χa = µD˜µλaµ, (28, a)
χa = µ∂µωaµ, (28, b)
where µ is introduced for dimensional reasons. The condition χa is equivalent , on
shell, to impose the Lorentz condition on aµ.
The functional integral is [14]
Z =
∫
DΦ
[
det
{
ψai , ψ
b
j
}] 1
2 δ
(
ψai
)
ρ exp
[
Seff
]
, (29)
where DΦ ≡ DaaiDω
a
µDλ
a
µDΠ
a
iDC
aDC
a
DDaDD
a
DBaDEa is the Liouville mea-
sure and ρ is the jacobian of the functional change the variable (15,b). The mo-
menta Πai can be readily integrate out, and a0 can be brought back to make the
action covariant. We arrive finally to
Z =
∫
DaaµDω
a
µDλ
a
µDC
a
DC
a
DDaDD
a
DBaDEaρ exp
[
Seff
]
,
with ρ = det
(
µ2δabδ(x)
)
and
Seff =
∫
d3x
µ
g2
tr
[
− µ(aµ − ωµ)(a
µ
− ωµ) + εµνλ
(
∂µaνaλ +
2
3
aµaνaλ
)
−
−
λµ
2
εµνλGνλ − 2B∂
µωµ − 2ED˜
µλµ−
− 2CD˜µDµC − 2D∂
µ
D˜µD − 2C
[
D
µλµ, D
]]
. (30)
The effective action (30) is Lorentz covariant and BRST invariant by construction.
We have introduced a new Lorentz covariant non-abelian gauge theory describ-
ing a spin one massive physical mode. It is the non-abelian generalization of the
“self-dual” abelian theory presented in [6,7] . The dynamical germen of the evolv-
ing system is provided by a first order partial differential operator acting on the
physical connection of a principal bundle. We have also constructed the Lorentz
covariant, BRST invariant effective action associated to the proposed action.
It is well known the relevance of the self dual four dimencional instanton so-
lutions to the quantization of Yang-Mills Theory as well as its contribution to the
construcction of the Topological Field Theory whose observables give rise to the
Donalson invariants of four manifolds directly related to the new Seiberg-Witten
invariants. It would be interesting to analyse the role of the 2 + 1 “self-dual” solu-
tions from both point of view in the context of three dimensional field theory.
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